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In this paper infinite-dimensional dynamical systems described by nonlinear
abstract differential equations are considered. Using the generalized open mapping
theorem sufficient conditions for constrained exact local controllability are formu-
lated and proved. It is generally assumed that the values of controls are in a convex
and closed cone with vertex at zero. As an illustrative example a constrained exact
local controllability problem for a nonlinear delayed dynamical system is solved in
detail. Some remarks and comments on the existing results for controllability of
nonlinear dynamical systems are also presented. Q 1996 Academic Press, Inc.
1. INTRODUCTION
Controllability problems for finite-dimensional nonlinear dynamical sys-
 w xtems have been investigated in many publications see 5 for an extensive
.review of the literature . However, there exist only a few papers on
controllability problems for infinite-dimensional nonlinear dynamical sys-
w x w xtems defined in Banach or Hilbert spaces 1, 2 , 6, 13 . Moreover, it should
w xbe pointed out that only paper 6 contains results on constrained con-
trollability.
In this paper we shall consider constrained controllability problems for
infinite-dimensional nonlinear dynamical systems defined in Banach spaces.
More precisely, we shall formulate and prove sufficient conditions for
constrained exact local controllability in a prescribed time interval for
nonlinear dynamical systems which possess Frechet derivatives with re-Â
spect to all arguments. It is generally assumed that the control values are
in a convex and closed cone with vertex at zero, or in a cone with
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nonempty interior. The proof of the main result is based on the so-called
w xgeneralized open mapping theorem presented in 7 .
Roughly speaking, under suitable assumptions constrained exact global
controllability of a linear approximation implies constrained exact local
controllability of the original nonlinear dynamical system. This is of course
a generalization to the infinite-dimensional case of some previous results
w xconcerning finite-dimensional nonlinear dynamical systems 4, 12 , where
w xsome special case of the open mapping theorem has been used 3 .
Controllability conditions for infinite-dimensional dynamical systems can
w xbe found for example, in the papers 8]11 .
2. PRELIMINARIES
In this section we shall present some important facts from the theory of
nonlinear operators in Banach spaces.
 .Let U and X be real Banach spaces and let G u : U ª X be a mapping
that is continuously Frechet differentiable near the origin u s 0. Let us
 .suppose for convenience that G 0 s 0. It is well known from the implicit-
 w x w x.  .function theory see, e.g., 3 or 7 that if the Frechet differential D G 0u
 .transforms U onto the whole space X, then the nonlinear map F u
transforms a neighborhood of zero in the space U onto some neighbor-
hood of zero in the space X.
Now, let us consider the special case when the domain of nonlinear
operator G is not the whole space U, but G is defined only on a piece of a
cone near its vertex at zero. We shall denote by L the closed convex cone
in the space U, and by V an open set in the space U containing 0.
In the following, we shall use for controllability investigations some
property of the nonlinear operator G which is a consequence of a
w xgeneralized open mapping theorem 7, Lemma 1 . This result seems to be
known, but for the sake of completeness we shall present it without proof
and in a slightly less general form which is sufficient for our purpose.
w xLEMMA 2.1 7, Lemma 1 . Let U, X, L, and V be as described abo¨e.
Let G: V ª X and suppose that on V, G has Frechet deri¨ ati¨ e D G, whichu
 .is continuous in u at 0, where 0 g L l V, and suppose that G 0 s 0.
Assume that D G carries L onto the whole space X.u
Then there exist neighborhoods N about 0 and M ; V about 0, such thatx u
the equation
x s G u .
has for each x g N at least one solution u g M l L.x u
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 .As a matter of notation, X* denotes the dual space of X and x*, x is
the value of the functional x* g X* at the point x ; X. If M ; X, we
0   .define the so-called polar cone by M s x* g X*: x*, x F 0, for
4x g M .
3. SYSTEMS DESCRIPTION AND BASIC DEFINITIONS
Let us consider a nonlinear infinite-dimensional control system de-
scribed by the abstract ordinary differential equation
w xx t s f x t , u t , t g 0, T 3.1 .  .  .  . .Ç
 .with zero initial condition x 0 s 0, where f : X = U ª X is a nonlinear
 .mapping such that f 0, 0 s 0. X and U are real Banach spaces. It is
assumed that the mapping f is continuously Frechet differentiable with
respect to both arguments.
Let U ; U be a closed convex cone with nonempty interior. The set of0
 .admissible controls for the system 3.1 is given by
w xU s L 0, T , U . .ad ` 0
w x .In the following we shall use the notation V s L 0, T , U . Hence U ; V.` ad
 .For dynamical system 3.1 it is possible to define many different
concepts of controllability. In the following we shall focus our attention on
w xthe so-called constrained exact controllability in time interval 0, T . In
order to do that, first of all let us introduce the notion of an attainable set
 .  .at time T ) 0 from zero initial state x 0 s 0, denoted by K U andT 0
defined as
w xK U s x g X : x s x T , 0, u , u t g U , a.e. in 0, T , 3.2 4 .  .  .  .T 0 0
 .  .where x t, 0, u , t G 0, is the unique solution of the equation 3.1 with
zero initial condition and control u. Under the assumptions stated on the
w xnonlinear mapping such a solution always exists 1 .
 .DEFINITION 3.1. The dynamical system 3.1 is said to be U -exactly0
w x  .locally controllable in 0, T if the attainable set K U contains theT 0
neighborhood of the origin in the space X.
For the finite-dimensional case, i.e., when X s Rn, we may omit the
word ``exact'' in Definition 3.1 since in this case exact controllability is
 w x .equivalent to approximate controllability see 5, Chap. 3 for details .
 .DEFINITION 3.2. The dynamical system 3.1 is said to be U -exactly0
w x  .globally controllable in 0, T if K U s X.T 0
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Similarly to the previous case, for X s Rn we may omit the word
``exact'' from Definition 3.2.
In this paper, we study constrained controllability for the dynamical
 .system 3.1 and for the associated linear dynamical system of the form
w xz t s Az t q B¨ t t g 0, T 3.3 .  .  .  .Ç
 .with zero initial condition x 0 s 0, where
A s D f x t , 0, u , u . .x
B s D f x t , 0, u , u . . .u
Here D f and D f are the Frechet derivatives of the mapping f withx u
respect to x and u, respectively.
In order to compare constrained controllability results for nonlinear and
associated linear dynamical system we need the following lemmas, which
w xare proved in 1, Lemma 3.1 and Lemma 3.2, respectively .
w xLEMMA 3.1 1, Lemma 3.1 . Under the assumptions stated abo¨e we ha¨e
D x t , 0, u s z t , 0, ¨ , 3.4 .  .  .u
 .  .where z t, 0, ¨ is the solution of the linear dynamical system 3.3
w x w x .LEMMA 3.2 1, Lemma 3.2 . Consider the map F: L 0, T , U ª X`
gi¨ en by
F u s x t , 0, u , 3.5 .  .  .
 .  .where x t, 0, u is the solution of dynamical system 3.1 . Then the Frechet
deri¨ ati¨ e of F with respect to u,
w xD F : L 0, T , U ª X , 3.6 . .u `
 .is a surjecti¨ e linear mapping if and only if the linear dynamical system 3.3 is
w xU-exactly globally controllable in 0, T .
Lemmas 3.1 and 3.2 allow us to connect the constrained exact controlla-
bility problems for nonlinear and associated linear dynamical systems.
More precisely, we shall show in the next section that under some rather
weak assumptions global constrained exact controllability of a linear
associated dynamical system implies local constrained exact controllability
of the original nonlinear dynamical system.
CONSTRAINED CONTROLLABILITY 369
4. CONTROLLABILITY CONDITIONS
In this section we shall formulate and prove some sufficient conditions
for constrained exact local controllability of nonlinear dynamical system
 .3.1 . The main result is given in the following Theorem 4.1.
THEOREM 4.1. Suppose that:
 .  .i f 0, 0 s 0,
 .ii U ; U is a closed con¨ex cone with ¨ertex at zero,0
 .  .iii The linear dynamical system 3.3 is U -exactly globally controllable0
w xin 0, T .
 .Then the nonlinear dynamical system 3.1 is U -exactly locally controllable in0
w x0, T .
 .Proof. Let us define for the nonlinear dynamical system 3.1 a nonlin-
w x .ear map G: L 0, T , U ª X by` 0
G u s x T , 0, u . 4.1 .  .  .
 .Similarly, for the associated linear dynamical system 3.3 we define a
w x .linear map H: L 0, T , U ª X by` 0
H ¨ s z T , 0, ¨ . 4.2 .  .  .
 .  .Since by assumption iii the linear dynamical system 3.3 is U -exactly0
w xglobally controllable in 0, T , then by Definition 3.2 the linear operator H
is surjective, i.e., it transforms the cone U on the whole space X.ad
Furthermore, by Lemma 3.2 we have that
D G u ¨ s H ¨ . 4.3 .  .  .  .u us0
w x .Since U is a closed convex cone, then L 0, T , U is also a closed convex0 ` 0
cone. Therefore, the nonlinear operator G satisfies all assumptions of the
generalized open mapping theorem stated in Lemma 2.1. Hence, the
operator G transforms a conical neighborhood of zero in the space of
admissible controls onto some neighborhood of zero in the space X, which
by Definition 3.1 is equivalent to the U -exact local controllability of the0
 .nonlinear dynamical system 3.1 . Hence, our theorem follows.
In practical applications of Theorem 4.1 the most difficult problem is to
 .verify the assumption iii about the constrained global controllability of
 .the linear dynamical system 3.3 . In order to avoid this disadvantage we
may use the following corollary.
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 .  .COROLLARY 4.1. Suppose that assumptions i and ii of Theorem 4.1
are satisfied, and moreo¨er U that has nonempty interior in the space U. Then0
 . w xthe nonlinear dynamical system 3.1 is U -exactly locally controllable in 0, T ,0
 .if the associated linear dynamical system 3.1 is U-exactly globally controllable
 .i.e., without any constraints and
0  4Ker sI y A* l BU s 0 for e¨ery s g R . 4.4 .  .  .0
Proof. In the proof of Corollary 4.1 we shall use the condition for
constrained exact global controllability of the linear dynamical system
 .3.3 . If the cone U has nonempty interior in the space U and the0
 . w xcondition 4.4 is satisfied, then the U-exact global controllability in 0, T
 .of the linear dynamical system 3.3 implies its U -exact global controllabil-0
w x w xity in 0, T 8, Theorem 2.1 . Therefore all the assumptions of Theorem 4.1
are satisfied and our corollary follows.
The conditions for exact global controllability of linear dynamical sys-
tems which are needed in Theorem 4.1 and Corollary 4.1 are known to be
w xquite a strong requirement 8]11 . Exact controllability for linear dynami-
cal systems does not hold, for example, if the corresponding semigroup of
solution linear operators is compact or if the operator B is compact see,
w x .e.g., 9 for details . This situation includes for example partial differential
equations defined in a bounded domain or infinite-dimensional dynamical
systems with finite-dimensional controls.
However, it should be mentioned that exact controllability may occur in
the case of dynamical systems described by partial hyperbolic equations or
in retarded functional differential dynamical systems with a suitably cho-
sen state space. This last case will be carefully considered in the next
section of the paper.
5. APPLICATIONS
As an application of the results presented in Section 4, we shall consider
the constrained exact controllability problem for a nonlinear autonomous
retarded functional differential equation of the form
w xx t s f x , u t t g 0, T , 5.1 .  .  . .Ç t
 . n  .  . w xwhere x t g R , x s s x t q s , for s g yh, 0 , and x gt t
1.w x n.W yh, 0 , R is the Sobolev space of absolutely continuous functions2
w xwith square integrable first derivative on yh, 0 . Let us assume that the
1.w x n. n nnonlinear mapping f : W yh, 0 , R = R ª R is continuously differ-2
 .entiable with respect to both variables and moreover that f 0, 0 s 0.
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Assume that the linear approximation associated with the nonlinear dy-
 . w xnamical system 5.1 is given by the equation 1, Example 3.1.
z t s D f 0, 0 z q D f 0, 0 ¨ , 5.2 .  .  .  .Ç 1 t 2
 .where D f 0, 0 s B is the n = m constant matrix2
ksN
D f 0, 0 z s A z t y h , A are n = n constant matrices, .  .1 t k k k
ks0
0 s h - h - ??? - h - ??? - h s h are constant delays.0 1 k N
w x m. mThe control space is L 0, T , R , and U ; U s R is the closed convex` 0
cone with nonempty interior.
The characteristic equation for the linear retarded functional differen-
 . w xtial equation 5.2 is given by 5, Chap. 4
det D s s 0 5.3 .  .
 . ksN  .where D s s sI y  A exp ysh .ks0 k k
 .For each root s of the characteristic equation the condition 4.4 is
 w x .equivalent to the relation see 8, Theorem 4.3 for details
Tr 0  4Ker D s l BU s 0 for every s g R , 5.4 .  .  .0
where the term ``Tr'' means the matrix transposition.
Hence, we are in a position to formulate the sufficient condition for
constrained exact controllability of the nonlinear retarded functional dif-
 .ferential equation 5.1 .
PROPOSITION 5.1. Suppose that
 .  .i f 0, 0 s 0,
 . mii U ; R is a closed con¨ex cone with nonempty interior,0
 .  .iii The condition 5.4 holds,
 .iv rank B s n, i.e., n s m and B is a nonsingular matrix.
 .Then the nonlinear retarded functional differential equation 5.1 is U -0
w xexactly locally controllable in 0, T for e¨ery T ) 0, in the state space
1.w x n.W yh, 0 , R .2
 .Proof. The condition iv is the necessary and sufficient condition for
 .global exact controllability of the linear retarded dynamical system 5.2 in
1.w x n. w xthe Sobolev space W yh, 0 , R and in every time interval 0, T , T ) 02
w x5, Chap. 4 . Therefore all the assumptions of Corollary 4.1 are satisfied
and hence our proposition follows.
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Finally, let us consider a simple numerical example which illustrates the
theoretical considerations.
Let us consider a nonlinear retarded functional differential equation of
 .the form 5.1 given by the following equalities:
x t s sin x t y x t y 1 y x t y 1 q u t q u2 t .  .  .  .  .  .Ç1 1 1 2 1 2
5.5 .
x t s x 2 t q 2 x t y x 3 t y 1 q x t y 1 q 4u t q u t . .  .  .  .  .  .  .Ç2 1 2 1 2 1 2
Hence the linear approximation is given by
z t s z t y z t y 1 y z t y 1 q ¨ t .  .  .  .  .Ç1 1 1 2 1
5.6 .
z t s 2 z t q z t y 1 q 4¨ t q ¨ t . .  .  .  .  .Ç2 2 2 1 2
Therefore n s m s 2, h s 1, N s 1, and the constant matrices A , A ,0 1
and B have the following forms:
b 011 0 y1 y1A s , A s , B s . 5.7 .0 10 2 0 1 b b3 4
Let us assume that the control functions are nonnegative, i.e., the closed
convex cone
u1 2U s u s g R : u G 0, u G 0 .0 1 2 5u2
The characteristic equation
det D s s det sI y A y A exp ys s s2 y 3s y eys y ey2 s q 2 s 0 .  . .0 1
w xhas 0 as the only real root 8, Sect. 4 .
Moreover, we have
Tr0 1 0 0
D 0 s and D 0 s . .  .0 y3 1 y3
Tr y3  . . w xTherefore Ker D 0 s d , where d g R is an arbitrary real number.
1u w1 0 21w x  . w xSince BU s , u G 0, u G 0, then BU s g R :0 1 2 0 w4 u q u 21 2
4  .w F 0, w F 0 . Therefore the condition 5.4 is satisfied. It is easy to1 2
 .verify that f 0, 0 s 0 and that rank B s 2 s n. Hence by Proposition 5.1
 .the nonlinear retarded functional differential equation 5.5 is U -exactly0
w x 1.w x 2 .locally controllable in 0, T in the state space W yh, 0 , R .2
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6. CONCLUDING REMARKS
In this paper sufficient conditions for constrained exact local controlla-
bility of nonlinear abstract dynamical systems have been formulated and
proved using the generalized open mapping theorem. These conditions
extend to the case of constrained controllability the results published in
w x1, 13 . On the other hand, the presented theorems are generalizations to
infinite-dimensional cases of the finite-dimensional constrained controlla-
w xbility results given in the papers 4, 12 .
The method presented in this paper is general and covers wide classes of
nonlinear dynamical systems defined in Banach spaces. However, it is
especially useful for retarded nonlinear dynamical systems, for which it is
rather easy to verify conditions for constrained global exact controllability
of the linear approximation.
Moreover, it should be stressed that a similar method can be used to
consider the so-called distributed parameter dynamical systems described
by partial differential equations of parabolic and hyperbolic types with
mixed boundary conditions.
Finally, it should be pointed out that the generalized open mapping
theorem can be used to consider the constrained exact controllability of
so-called semilinear dynamical systems defined in infinite-dimensional
Banach spaces. In such dynamical systems there exist linear and pure
w xnonlinear parts of the state equation 2, 13 . Constrained controll-
ability conditions for such dynamical systems will be the topic of further
consideration.
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